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Abstract 



O, 

Cn . We propose a decomposition for SU(2) Yang-Mills field in the low energy limit. Motivated by 

Qh| Abelian dominance, we suppose that in the infrared regime of the SU(2) gauge theory, the field 



strength tensor can be obtained by multiplying two parts: G^y and n, where G^y is a space-time 
tensor and the second part, n, is an isotriplet unit vector field which gives the Abelian direction 



r^ ! at each space-time point, G^y = G^yii. By considering some physical assumptions, this leads to 

Q^l a decomposition for the SU(2) Yang-Mills field. It seems that by this type of decomposition, both 

D ■ 

r~| ' monoploes and vortices appear at the same time. In addition, in the presence of vortices, Dirac 



quantization condition is manifested with a rescaled electric charge, as well. 
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I. INTRODUCTION 

It is stated that ultraviolet and infrared limits of a Yang-Mills theory characterize different 
phases. The qualitative picture of this assertion is built especially by 't Hooft and Polyakov 
l|. In the ultraviolet limit, the Yang-Mills theory is asymptotically free and perturbative 
methods are adequate. This limit describes the interaction between massless gluons which 
corresponds to the transverse polarizations of the gauge field A^. At Low energies the Yang- 
Mills theory becomes strongly coupled and perturbative techniques fail and nonperturbative 
methods must be developed. On the other hand, Yang-Mills theories in the low energy 
limit must exhibit color confinement. Therefore, describing the confinement problem needs 
nonperturbative methods and it has long been argued that the confinement can take place 
through the condensation of monopoles which leads to the dual Meissner effect in a dual 
superconductor [2,]. For a review of the dual superconductor picture, see |3|. 

Non-perturbative effects in the low energy limit can be represented effectively by the 
topological structures of the gauge theory such as vortices and monopoles. The underlying 
gauge symmetry can be represented by the nontrivial topological degrees of freedom. There 
are some methods for extracting these topological degrees of freedom in the pure Yang- 
Mills theory. Examples are: Abelian projection [^ and field decomposition J5|47|. Abelian 
projection is a partial gauge fixing in which the projected gauge fields contain singularities 
interpreted as topological defects. In the second method, Abelian decomposition, one can do 
the same thing without gauge fixing [7| . The theories which result from these decompositions 
consist of a well-defined and self-consistent subset of a non- Abelian gauge theory for a given 
symmetry group. These theories are restricted and the dynamical degrees of freedom are 
reduced, providing us with a self-consistent but nontrivial subset of the original gauge theory. 
As a result of these methods, the original Yang-Mills theory turns into electrodynamics 
with magnetic monopoles, and they lead to Abelian dominance |8| and magnetic monopole 
dominance [Sj]. Indeed, in both Abelian projection 111 and field decomposition approach 
[12], one can obtain Wu-Yang magnetic monopoles [10t|, and based on their condensation 
the potential of a static quark-antiquark pair is derived. In agreement with Lattice results, 
this potential is composed of two parts: the first part is a Yukawa term that dominates the 
ultraviolet limit or the short range limit, and the second part is a linear term responsible 
for the confinement that dominates the low energy limit at large distances. 



Even though the gauge field A^ is a proper order parameter for describing the theory in 
its ultraviolet limit, in the infrared limit with monopole condensation some other parameters 
become more appropriate. Therefore, one can decompose the Yang-Mills field to new collec- 
tive variables which are more appropriate for describing the long distance theory compared 
with the gauge field A^ which corresponds to the short distance spectrum. Decomposing 
the Yang-Mills fields has been done by various methods. These decompositions pursue dif- 
ferent purposes in particular in connection with the issue of quark confinement in quantum 
chromodynamics (QCD). In Cho method [Sj, the decomposition leads to a restricted theory 
with four dynamical degrees of freedom while an SU(2) Yang- Mills field has six dynamical 
degrees of freedom. Hence, it seems that in the infrared limit, some degrees of freedom do 
not play considerable roles. Thus, the mechanism of color confinement in restricted theories 
will remain valid in the original one which is no longer restricted |5|. On the other hand, 
there are six degrees of freedom in the Faddeev-Niemi method [6l. One can obtain Skyrme- 

n 

Faddeev Lagrangian by integrating out some of them pL3[ • In addition, Faddeev and Niemi 
have investigated the possibility that the low energy spectrum ofpure Yang-Mills theory can 
be constructed of closed and knotted strings as stable solitons 6| . They derive an off-shell 
generalization of their decomposition [14] and they also present a new decomposition that 
realizes explicitly a symmetry between electric and magnetic variables, suggesting a duality 



picture between the corresponding phases [15 1 



In this paper, motivated by Abelian dominance for the infrared limit of the Yang-Mills 
theory, we propose a decomposition which has the same field strength tensor form as Cho 
theory, G^^ = G^t^n, but with three degrees of freedom. It seems that this decomposition 
describes the low energy limit including both vortices and monopoles as the topological 
structures that dominate the non-perturbative regime of the theory. We show that our 
decomposition is similar to the Faddeev-Niemi decomposition if we add a constraint to their 
decomposition. In addition, this decomposition manifests the Dirac quantization condition, 
but with a rescaled electric charge. 

In the next section, we introduce our decomposition by defining G^^, G^,y = G^u'n, of the 
Cho decomposition. In this decomposition there exist three dynamical degrees of freedom. 
In sec. Illlt we discuss restricted U(l) gauge theory to show how it leads to a string-like 
(vortex) object in a similar manner to Cho procedure for SU(2) gauge theory supplying the 
Wu-Yang monopole. In sec. \IV\ we see how monopoles appear in the theory in addition to 



vortices. Dirac quantization condition is obtained when the vortex configurations appear in 
the theory, but with a rescaled electric charge. Finally, the summary and the discussions 
are given in sec. El 

II. SU(2) YANG-MILLS FIELD IN THE LOW ENERGY LIMIT 

In this paper, to avoid unnecessary complications, we concentrate on the the SU(2) 
gauge group which is the simplest non-Abelian group. Motivated by Cho decomposition 
and Abelian dominance, we assume that within a good approximation, the following form 
of the field strength tensor G^i., is dominant in the infrared limit of the SU(2) Yang- Mills 
theory, 

Gfj_u = G^iyll. (1) 

G^i, is a colorless tensor and n is a three components unit vector field pointing into the color 
direction. A natural way to make the decomposition, is construction of an orthogonal basis 
for the color space by n and its derivatives, for example: n, (9^n, and n x d^n shown in Fig. 

n.9^n = n.(n X S^jii) = 9^n.(n x d^n) = 0. 
Then we expand the SU(2) Yang- Mills field as the following 

A^ = C^n + (j)idf,n + (j)2n x d^n, (2) 

where C^, 0i, and 02 are the coefficients of the expansion. Note that 0i and 02 are not 
independent of the direction fi. In general Eq. (jj]) above can be written as 

A^ = C^n + (f)\ d^n + 02 ^ ^ ^/^J^? i^o sum over /i) 

Of course, it could be for some dynamical reason, that for Yang-Mills fields in the infrared 
regime 0^ = 0^ = 0^ = 0-[ and 02 =02 =02 = 02 • O'^ the other hand, we know 
that an arbitrary SU(2) gauge field A^ has six dynamical degrees of freedom. Therefore, 
we suppose that 0i and 02 are independent of the direction yU so that totally, we have six 
dynamical degrees of freedom for A^, two for C^, two for n, and two for 0i and 02. This 
idea has been used by many authors including Faddeev and Niemi |6|. 
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FIG. 1: Constructing an orthogonal basis for the SU(2) color space at each space-time point 

Because of Eq. ([T]), C^, 0i, and 02 are not independent. In the following, we find the 
relation between them. For SU(2) field strength tensor, we have 



G 



^v 



d^A^ - dyA^ + gA^ x A^. 



(3) 



Substituting Eq. ([2]) in (|3]) and by considering the fact that we want the G^y has the form 
of Eq. (jTj), these relations between 0i, 02, 



and C^ are obtained: 



9^01 -C^(l + (702) =0, 

<9/,02 - gCf,(l)i = 0. 



(4) 



Changing the variables, 



9' 



a 



1 + 5-02 = -, 



(5) 



where p and a are real scalar fields and applying these new variables to Eq. @, one obtains: 



^^,p - gC^a = 0, 
df,cr + gC^p = 0. 

The above equations can be written in a compact form: 



(6) 



D,^ 



0, 



where Z?^ is the covariant derivative, D^ = d^ + igCfj_, and is a complex scalar field, 
(p = p + ia. Notice that the coupling between the scalar field 0, and the Abelian gauge 



field C^, is the same as the coupling of the original SU(2) gauge theory, g. Therefore, we 
conclude that for satisfying Eq. ([1]) we must have the following decomposition for the SU(2) 
Yang-Mills field 

A^ = C n + -a^n X n + -^d^n + -^n x ^^n, (7) 

with a constraint, 

D^(l)={d^ + tgC^)ip + ta) = 0. (8) 

This is our proposal for decomposing the SU(2) Yang-Mills Field. It looks like the Faddeev- 
Niemi decomposition [q, but with Eq. ([8]) as a constraint. This is the equation which shows 
the dependency of p, a, and C^ to each other. 
A trivial solution for Eq. ([8]) is 

p = a = 0, (9) 

which leads to Cho decomposition with four dynamical degrees of freedom, two for n and two 
for C^ corresponding to two polarization. The field strength tensor for Cho decomposition 
is: 

G^. = {{d,C, - d^C,) + (--n.(9^n x 9,n))}n. (10) 

Equation ([8]) is familiar, indeed, Cho found his decomposition for SU(2) Yang-Mills field 
by a similar condition, 

V^n = {d^ + ^A^x)n = ^ A^ = C^n + -d^,n x n, (11) 

where C^ = A^j.n. Hence, it seems that in the infrared limit of an Abelian or non-Abelian 
Yang-Mills theory, we have a Yang-Mills field so that it obliges the covariant derivative of 
scalar fields to be zero. 

In the next section we find a non-trivial solution for Eq. ([8]) and we propose a decompo- 
sition for U(l) gauge field, C^, in the infrared regime. 

III. RESTRICTED U(l) GAUGE THEORY AND VORTICES 

In the previous section, we have proposed a decomposition, with a constraint. This 
constraint, Eq. (|8]), is worth studying independently. We show how this constraint restrict 
the Abelian U(l) gauge theory and leads to the appearance of string-like (vortex) objects. It 



is similar to the case where the condition of Eq. (ITT]) leads to the appearance of monopoles. 
Equation ([8]) implies, 

d^{p^ + a^) = => 0*0 = p^ + a^ = a\ (12) 



where a is a constant. Equation (jHj) can be solved exactly for C, 



A" 



Cf, = -^{adf^p - pdf,a). (13) 

ga 

The above equations show that the original gauge field, C^, which has two dynamical degrees 
of freedom has been restricted and it has one dynamical degree of freedom because it depends 
on p and a which are not independent, shown in Eq. flT^ . Therefore, we have totally three 
dynamical degrees of freedom: two for n and one for C^ or 0. 

The field strength tensor can be written in terms of electric and magnetic field strength 
tensors, F^i, and if^y, respectively: 

G^, = (F^, + H^,)n, (14) 

where 

H^u = -n.(9^nx a^n). (15) 

9 

Notice that since p^ + a'^ = a^, the contributions of p and a are included in the new coupling 

g' , where 

1 1 a^ 

We take a ^ f^ in order to have g' ^ 0. Note that the coupling constant increases in the 
low energy limit, g' ^ g, which is corresponding to the behavior of the coupling constant in 
Yang-Mills theories. 

Now, we discuss the physical properties which can be obtained from F^^ in Eq. (ITSll . In 
the next section we study H^^ of Eq. (TT5|) and its properties. 

Vortices which are the classical string-like objects, appear in this theory as topological 
singularities of the scalar field = (p, a). Vortices are described by the homotopy class of a 
mapping ni(S'^) of the spatial circle S}^ to the coset space S = U{1) of the internal space. 
Now to define this mapping, one needs a two components scalar field in the theory, at least 



on Sjf^. The scalar field in our decomposition can be used to define the mapping ni(S'^). 
We define the topological charge of the restricted U(l) theory by the homotopy class of the 
mapping ni(S'^) given by (p, cr): 

(p,a); S},^S' = U{1). (17) 

With this opening comment we show how to extract vortices. Notice that the homotopy 
class ni(S'^) defined by "two-dimensional hedgehog ansatz" must describe the vortex with 
a unit flux tube: 

{p,a) = a — = a{cos{ip),sin{(f)), (18) 

where ip is the azimuthal circular coordinate of S}^. Using Eq. (TT8|) in Eq. (fT3!) one obtains 

C^^ = — df,(p, 
9 

^Cr = C, = 0, C^ = - — . (19) 

gr 

The magnetic field n is obtained as the following 

:^ = ^ X ■^ = r(-^ - ^) + 1^ - ^) 
r dip dz dz dr 



r or dip 



Indeed, in general we have 



(p, cr) = a{cos{a), sin{a)) =^ C^ = — d^^a =^ F^t, = 0. (21) 

The above calculations is true for every place in space, but not on the z axis where r = 0. 
The magnetic flux passing through the closed curve C in Fig. ([2]), is not zero: 



/ '^.ds = [C^ X 'd).d!s = (f ~d2i 
Js Js Jc 



■>B 

Js 

'^^ 1 , 27r 

rdip = . (22) 

gr g 

It shows that on the z axis the magnetic field is singular as well as C^ in Eq. ( 1T9|) . So, 
although the magnetic field is zero everywhere, there exist an infinite magnetic field on the 
z axis, responsible for the magnetic flux of Eq. (!22|) which is an evidence of a string-like 



B = 



X 




B ^0 



FIG. 2: The magnetic field is zero everywhere but not on the z axis 



object (vortex) lying on the z axis. One can obtain the magnetic field from Eq. (122!) 

f^^s= f f B: 
Js Jo Jo 



R r2. 27r 

rdO dr = 

JO 9 

R ^ 

Brdr = 

9 

Sir) 



B 



gr 



therefore, 



'b = Bk. 



(23) 



(24) 



One can find out all the homotopically inequivalent classes of the mapping (IT7|) and the 
corresponding vortex configurations by the following replacement 



if ^ flip. 



(25) 



Then the scalar field describes all homotopically inequivalent mapping of flT7|) with the 
homotopy class Z 

Z = n {n integer), (26) 

corresponding to 



n 



Gr — t^z — U , C^p — , 



gr 



for the vector potential, and 



gr 



(27) 



(28) 



for the magnetic field. The magnetic flux is: 

27m 



JB 



(29) 
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IV. MONOPOLES AND RESCALED DIRAC QUANTIZATION CONDITION 

In addition to the vortices which results from our decomposition, monopoles also emerge 
from Hf^i, of Eq. (TTS!) . Up to now, we have proposed a decomposition ([7]) 

A^ = C^n + -d^n x n + -ijd^n + — n x 9^n, 
9 9 9 



where the Abelian part C^, is also decomposed via Eq. ( IT3l) . we call this decomposition a 
" double decomposition" , 



with the condition of Eq. ( [T2|) : 



9a 



2,2 2 

p + cr = a . 



We have obtained the field strength tensor, 

where the first term, F^^, leads to the appearance of the vortices. By studying the second 
term, we examine the monopole configurations which reproduce the Dirac quantization 
condition but with a rescaled electric charge, g'. 

We know that for SU(2) gauge theory, the magnetic charge which is a topological charge, 
can be described by the homotopy class of the mapping 112(5'^) of the two-dimensional sphere 
5"^ to the coset space S"^ = SU{2)/U{1) of the internal space. To obtain the magnetic field, 
we choose a hedgehog configuration for n: 

n = — = {sina cosf3, sina sin(3, cosa) (30) 

r 

where 

a = 9, /3 = rrnp. 

9 and ip are the angular spherical coordinates of S\, and m is an integer number. The 
magnetic field can be obtained, 

^ = Br, 

1 Tn 1 

B = H0^ = — -n.(9en X 9^n) = - — , (31) 

9 9 ^ 

10 



where 

de = — d = ^ 

rdO ' "^ rsinOdip 



zii ^ m , ^,^^ 



From the Eq. (ET]): 



which means that there is a magnetic monopole in the origin. Comparing Eq. ( 1321) with the 
Gauss equation for a magnetic monopole charge, —gm'- 



V.B = -Aii6{T), (32) 



^) 



one gets 

g'gm = m. (33) 

This is the Dirac quantization condition, but with a rescaled electric charge g'. The original 
Dirac quantization condition, for Wu-Yang monopole or 't Hooft-Polyakov monopole, is 

ggm = m, (34) 

where g is the color electric charge and gm is the magnetic color charge. But, for our 
decomposition, the relation between g and gm is 

ggm = m(l - (-)2). (35) 

If a goes to zero, the familiar Dirac quantization condition is restored. In addition, this 
new decomposition reduces to the Cho decomposition where the U(l) field is no longer 
decomposed, and consequently no vortices appear. So, it seems that the presence of vortices 
influence the Dirac quantization condition by rescaling the electric coupling or charge. 

V. SUMMARY AND DISCUSSION 

We have looked for a suitable decomposition of the SU(2) Yang-Mills field in the infrared 
region that would help to study the vacuum structure, in particular topological objects, 
like vortices and monopoles, believed in some models to be related to the phenomenon of 
color confinement. We conjecture that for the infrared limit of the SU(2) Yang-Mills theory, 
the field strength tensor which is a three-dimensional vector in the internal space can be 
obtained by multiplying two parts, G^i, = G^i^n. G^y is a tensor with the space-time indices 

11 



and the second part n, is a three components unit vector field which selects the Abelian 
direction at each space-time point. This conjecture is motivated by Abelian dominance and 
the form of the field strength tensor of the Cho decomposition. We propose a decomposition 
corresponding to this conjecture. It looks like Faddeev-Niemi decomposition, but with the 
constraint D^cf) = (d^ + igC^)(f) = 0. This constraint is similar to the constraint of Cho 
decomposition -D^n = {d^ + gAfj^x)n = 0. It seems that vanishing of the covariant derivative 
of scalar field in an Abelian or non- Abelian Yang-Mills theory has something to do with the 
low energy limit and the vacuum structure of the theory. As a result of this constraint in 
Abelian case, string-singularities or vortices can appear in the theory. F^^, is zero everywhere 
except on the location of strings. However, for SU(2) gauge theory which is a non- Abelian 
theory the constraint leads to point-singularities (monopoles) and non-zero G^jy. Hence, the 
vacuum structure of a non- Abelian theory is richer than the Abelian one. 

Our decomposition is a double decomposition because the U(l) four- vector field C^ is also 
decomposed. This results to a Yang-Mills field with three dynamical degrees of freedom. In 
this decomposition, both monopoles and vortices appear. In addition, Dirac quantization 
condition is reproduced in the presence of vortices with a rescaled electric charge. 
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